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'0\- Abstract 



In this short note, we reduce the M = 6, U{N) x U{N) Chern-Simons gauge theories to AA = 8, 
Psj ■ U{N) Yang-Mihs gauge theories. This process corresponds to recovering the world-volume theory 

J>-^. of N D2-branes from that of N M2-branes in an intermediate energy range. The super symmetries 

are enhanced because in this limit the branes localize far away from the orbifold singularity. Our 
main scheme is exactly in accordance with Mukhi and Papageorgakis's earlier work, although the 
^«0 ' Higgs mechanism becomes trickier in the present case. We also speculate on applying the scheme 

to a large class of new Bagger- Lambert models more generally. 
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I. INTRODUCTION 



In the past few months, the study of M2-branes was revived^, initiated by Bagger and 
Lambert [2, Isl, \^ and Gustavsson p, |6|, in which the world- volume theory of two M2- 
branes was discovered. However, because the old Bagger-Lambert-Gustavsson (BLG) theory 
|2|, yl, y, la, Isl relies on a special form of 3-algebra, it is difficult to be generalized to arbitrary 
number of M2-branes [g, LZl, |8|, |9|, |lO|. Under certain conditions, the A4 algebra in the old 
BLG theory is unique and there is a n(>go theorem [lO|. One can get around such a no- 
go theorem by relaxing the conditions [sLll^l^]. Switching from Euclidean 3-algebra to 



Lorentzian 3-algebra, three groups [13|, |14 ll5(] showed a possible way for generalization. 
Around a month later, Aharony et al. [l6| opened another possibility. Not restricted to 
3-algebra, they turn to consider Chern-Simons-matter theories with a U{N) x U{N) or 
SU{N) X SU{N) gauge symmetry. In fact, the old BLG theory can be reformulated into an 
SU{2) X SU{2) theory [7|, [l7|, [l8|, [l9|, |20|. What is more, it was shown long ago that the gauge 
group U{N) X U{N) plays an important role in the infrared limit of N coincident D3-branes 
at a conical singularity (2l|. Therefore, an SU{N) x SU{N) Aharony- Bergman- Jafferis- 
Maldacena (ABJM) theory, as a 3-dimensional superconformal Chern-Simons-matter theory, 
is a very attractive world- volume theory of A^ coincident M2-branes. Given that the old BLG 
theory is difficult for generalization, although AB JM's A/" = 6 Chern-Simons-matter theories 
do not rely on 3-algebra, it is still appealing to recast them in terms of a certain 3-algebra, 
in hopes that it may told us how to better overcome the no- go theorem |10l |. This was 
elegantly accomplished by Bagger and Lambert as reported in 22] recently, which we will 
call the new BL theory. 

In this little exercise, we reduce the Af = 6 U{N) x U{N) Chern-Simons gauge theories to 
U{N) Yang-Mills gauge theories. We find the resulting theories have A/" = 8 supersymmetry, 
or 16 real supercharges. We will review ABJM theories in section [TTl and then in section 
mil show the details of Higgs mechanism for the present case. Finally, in section IIVI we will 
comment on how to apply our scheme to the new BL model generally and conclude. 



II. REVIEW OF M = 6 CHERN-SIMONS THEORIES 



In this section, following the neat work 23|], we review ABJM's A/" = 6, U{N) x U{N) 
Chern-Simons gauge theories 16|. We are interested in the special case with an S'f/(4) R- 
symmetry. In this case, the coefficients of the Chern-Simons action and the superpotential 



m 



23l | are related by A' = 1/L. Comparing with the old BLG theory, one immediately 
reads L = Sii/k at leveP k. We mainly take the notations and conventions of [23|, but the 



^ For a recent review of membrane, please refer to \^. Following the pioneer work 
literature along this direction appears in the past half year. As a partial list, see [7|-[5 
therein. We are sorry for missing a lot of relevant work in our reference list. 

^ An example of Chern-Simons level quantization was shown in 2C|. 
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and references 



generators of U{N) algebra are different in normalization, 
[T^ T^] = i/"^^T^ (a, b,c=l,2,...,N^- 1) 
Tr(T"T^) = -(5''^ Tr{T^T^} = r^ Tr({T",T^}T^) = ^d'^''^ 

T° = -i=diag(l,l,...,l) (1) 

in which we use the square bracket to denote commutators and the brace bracket to denote 
anti-commutators. For convenience, we will raise and lower group indices with a unit metric, 
so there is no distinction among upper and lower indices, their position being dictated by 
notational convenience. Nevertheless, as usual, repeated indices imply summation. The 
gauge potential A^ and A^ in [23| will be replaced by Afj, and Afj, in our notations, while 
the covariant derivative X^^ will be replaced by V^, since we will use these notations for 
other purposes. 

After integrating out auxiliary fields and combining the SU{2) fields into an SU{A) rep- 
resentation, 



1 


= X' + tX', 


2 


= x^+ ix^ 


3 


= X^ + iX\ 


4 


= X^ + iX\ 



(2) 

one can write down the total action of ABJM's A/" = 6, U{N) x U{N) Chern-Simons gauge 
theories as 22, 23 



S= f £x [-Tr ({V^YAyV^Y'^) + iTi U^h^V^^A) + >Ccs - V^'"^ - V^°' 



(3) 



In the above action, the covariant derivative is defined by 

p^y^ = 9^F^ + z4^)F^-?r^Af). (4) 

Note that the notation T>^ with a tilde here is different from V^ which will appear later. 
The Chern-Simons term is 

£cs = le'^^^Tr ^A^^^d^Ai'^ + jAi^^Ai^^Ai"^^ - A^^^d^A^ - |4^)A(«)Af ) . (5) 
There is a potential like a Yukawa term, by which scalars and fermions are coupled 

The sextic potential of scalars takes the form 

yhos ^ rj.^ (y^yIy^Y^Y^Y^ + Y^Y^Y^Y^Y^Y^ 

+ay^y^y^'yIy^y^ - gy'^y^y^yIy^y^) . (7) 



III. REDUCTION TO YANG-MILLS THEORIES 



In this section, we reduce the U{N) x U{N) Chern-Siomons theories reviewed in the 
previous section into U{N) Yang-Mills theories. This process corresponds to recovering the 
world- volume theory of N D2-branes from that of A^ M2-branes. Our main scheme is exactly 



in accordance with |17|. Firstly recast the gauge fields as^ 

A{L)a — /la _|_ D" A(R)a = 4« _ R" 



(8) 



and then integrate out the auxiliary field 5" using its equation of motion. At the same time, 
take the vacuum expectation value to be 



„~,xA 



(Y^u) = iv5, 



(9) 



and other components vanished, v denotes our choice of the vacuum expectation value 
(VEV). In the following, v denotes the choice in 20|. We should stress here v is real in spite 
of the fact that Y'^^ is a complex variable. The Yang-Mills coupling is defined by^ 



gvM 



Lv 



Attv 



(10) 



as explained in [20|]. As did in [l7|, |20|, we have to rescale some of the components of Y 
and ip as {X, ip) — >• {X/gYUi i^ Iqym) and keep only leading order terms with respect to -u'^ 
In other words, we have to take the limit k — » oo, -u ^ oo with qym fixed. One possible 
interpretation of this limit is illustrated by Figure 1. 



2^m 



2^L 





^ In the early days of preparing this work, we found the choice ^ was also made by the reference |24| . 
which partly overlapped with our plan. What is more, actually the scaling limit taken in 2J] is equivalent 



to the limit {i — *■ oo in our scheme. Anyhow we decided to finish this little exercise to obtain more details. 
^ It was argued in 201] that qym = v/vk. At first glance, it contradicts with the relation (fTO|l . However, 
this disagreement is understandable because the normalizations are different. By the replacement v —> 
4:7rv/y/2kN, one can change from their normalization to ours and recover (fTO|) . In the last step of (fTO|) . 
we have used the quantization condition L — Sir/k. 



Figure 1: The left figure signifies the C* /Z^- In the rest of our paper, we wih see that kgy^ is 
a typical energy scale, below which our reduction is meaningful. According to the definition of 
9ym, f^SYM ~ v'^/{kN) ~ v"^. Since in reference 120| v"^ is also related to physical mass scale, we 
see again that these two descriptions are equivalent. So taking the limit A; — > c« makes the cone 
become a fine cylinder. It is the usual picture that by compactifying the x^^, M-theory is reduced 
to the type IIA string theory. 



Many of the techniques employed here can be found in |17l . |2J]. In reference [2J], a 
precise relation between ABJM model and Lorentzian BLG model was studied. Since the 
Lorentzian BLG model is intimately related to D2 branes, our will partly overlap with 
the analysis there. In their analysis, they promoted the coupling constant to a spacetime 
dependent vector and recovered the 5*0(8) invariance. Since our aim is to get the world- 
volume theory of D2-branes, we will take v to be spacetime independent and get the 5*0(7) 
symmetry. 

First of all, we decompose fields as 

yA ^ Y^^T^ + iF^"T^ ^A = i^AT° + ii'^T", A^ = A'J^T''. (11) 

Here Y"^^ and Y^^ are complex variables, ip^ ^^^ ''Pa ^^^ complex with two components, 
while y4f, is a real variable. Let us also introduce 



V^Y""'^ = d^Y 

^Aa c\ ^^Aa rabc Ab\^Ac 

{v.Yxy = {v.Yxr = d,Yx - r'^AiY: 



F:^ = d^Al - dxAl - r'^AlAl. (12) 

Making use of 

V^Y^ = d^Y"" + i[A,, Y^] + i{B,, r^} = P^y^ + i{B^, Y^}, (13) 

and conventions ([T]) , one can rewrite the kinetic term of scalars in the form 

-Tr {{V^YaV'D^Y^'^ 
= --d^'Yld^Y^'^ - -iV^Y^'^yV^Y^'' - Lb^^B>"'YIY^^ 

1 



/IN 
1 

/2iV 






+-d-'-B^'^ [{v^Y^')Yi - (p^rj)tr^-] , (14) 



while the kinetic term of fermions takes the form 



iTr (^^^-f'"D.'ilj_ 



fiWA 



-{V'^rd,i^\ + V''^YV,rA 



+^i?;(^^"H^^° -^^"^''^a) - -d'^'^'Bii^^'^rrA- 



1 
2' 



As for the Chern-Simons term, we obtain 






(15) 



(16) 



Although the gauge fields Afj, ' are purely topological, after the recombination ([8]), one of 



the new fields B°^ becomes an auxiliary field without derivatives, just as happened in [17 . 
We will eliminate this auxiliary field using its equation of motion, and obtain the kinetic 
term of the other gauge field A" Namely, A°^ will get dynamical if one integrates out S" 
The potential term mixing scalars and fermions becomes 



4 



+ 



2V2N 



j^abc^Y^Oy^ _ Y^Y^'')lp^'''lpl 



BcTBO\ 



^abcyaYAb^^Bc^O^ _ ^Bc^B^i^ 



2V2N 

1 jabc^yAOya^b^^Bc ^ yOyBa^Ab^c^^^ 



1 



BbJAcj.O 



'2N 



jabc^yAayb^c^^BO ^ YXV''i)'"'i)%) 



1 



+ 



2V2iV 
1 



^abc^^ABCDy,^^a^yb^c^ + eABCoY^'^^Y'^'i'''' 



2V2iV 



eabc/ABCDva^ifi vc„i,0 , ^ \^AaJ,Bb\^CcJ,DO\ 



'YMYcn + eABCDY'"'V'Y'-''^IJ^^) 



+ e 



ABCDiyaih vc„i,d 



Y^iI^bYSK - eABCDY^''ij^''Y^^ij^'^)TT {t^'T^T'^T'^) 



(17) 



The bosonic potential can be written as 



V 



bos 



L2 

'48 
3 



Y^^YlY^''Yl;f^^Y^Ti([T'',T\T\r] + [T" ,r][T\T'^] 



(yAOyBOyayl + YIYI^Y'^''Y^^)Y^'Y;^Ti([T\ T'] [T\ T^] 

Y^^Y^Y^Y^^Y^'Y^^Tt f [T^ T'^] [T^ r] + [T", T'] [T^ T'^] 



+ 



2 AT' 
3z 



/2A^ 



vA i? C A. B C } 



^ rp / rj /AT-i6rT-ieT-ia rparperpb\irpc n'^dl I /rpdrperjia rparperpd\irpb n~'C]\ 

\\/'Aa-y^b-\^Bc\^d-\^Ce\^fr-p I rparpbrjicrpdrperpf I rpbrparpdrpcrpfrpe 

/± ID O \ 

iArjiarpdrperpbrpcrpf r^rparpdrpcrTibrTierTif \ 



(18) 



Choosing the vacuum expectation value given in (^, we can expand the scalars and 
fermions near the VEV as 






(19) 



In the limit w ^ oo, the leading order terms in ([3]) can be obtained using the above 
results. In particular, the leading order kinetic terms in ( lT4l) and (fT5l) give 

7=1 v2iV 

4 . 



A=l 

4 . 
+ y^ l(^^«t _ ^^(A+4)at^|^MX)^(^^Aa _^ ^^(A+4)a^)^ 



A=l 



(20) 



As we will show later, the cubic term in (TTB]) is negligible in the limit i) — >^ oo, so only the 
first term survives 

£cs = ^e'^-'B^F:,. (21) 

The gauge potential S^ appears only in £kinetic and £cs without derivatives. We can 
eliminate it using the equation of motion 



B^"' = ^e^'^^F^ - —^V^'x'' 



Lv 



7,2 



v\ 



2v 



(22) 



When deriving this equation we have neglected the quadratic term in B^°^ coming from the 
cubic self-interaction as well as terms coming from higher interaction with scalars. Because 
these terms will lead to higher order contributions which are suppressed in the limit v — *■ 
cxD, L ^ 0. 



Inserting the above equation into the lagrangian, up to a total derivative term, the kinetic 
and Chern- Simons terms turn out to be 

-^kinetic + -CcS 



2N 



V '^ 1 1 






4 

2" 



+ E ^«' - ^^^'^'h'^^M^ + ^<-'') 



4 



A=\ 

We find the kenetic terms of x^° exactly cancel out; hence they become non-dynamical. But 
a question may arise: where are the degrees of freedom newly turned on to compensate the 
disappeared x^°- . The doubt can be resolved by observing that the gauge field A^ becomes 
dynamical. Since in three dimensions, each massless vector field A"- has one dynamical 
degree of freedom as the scalar x^", the total degrees of freedom are unchanged. From the 
Yang-Mills term, by requiring its coefficient to be — l/(45fyj^^), one can quickly read the 
Yang- Mills coupling constant as in flTOj) . It is clear that i?^" oc L/ gy^ right now. For a 
finite gvMi in the limit L — > 0, the first term in flT6l) is finite while the second term vanishes, 
as we have assumed. Since this limit is to keep the leading term in an expansion in powers of 
energy divided by v"^ /k, this also tells us that the resulting U{N) gauge theory is valid only 
at a energy below gyj^^/L i.e. kgy^- On the other hand, since our derivation is to depict 
the weakly coupled limit of N D-branes, the theory is applicable only above the energy scale 

In the limit {; -^ oo, L — i> while keeping Lv finite, the potential terms for scalars and 
fermions reduce to 



I V 
T^ferin jafecy^ 

A^/2N 



E2^x^'^*^'*(^+^)^ - 2^x^'^^^'^^'= 

A=l 

3 

A=l A=l 

^ 1 

_ y^ ^(T^BCAf^^Aa j^ ■^{A+4:)a-^(^^Bb _ ■^{B+A)b-^(^^Cc _^ ^^(C+4)c^| 

A,B,C=1 



^ 1 

+ J2 -e^BC4(^^"-^^^^+'^")(:r''' + ^a;(^+^)'')(^^^-^^(^+^)^) 



A,B,C=1 



(24) 



yhos ^_J2 a;*'^^; V' V'^Tr ([T^ T"] [T^ T"^]) . (25) 

In fITTj) and flM|) . we keep the notation Tr to remind the inner product between two- 
component spinors. As one expected, the goldstones x^"" disappear in (12311251) and hence 
in the total action. 

8 



If we define the minimal spinor of 5*0(2, 1) x SO (7) as, 



T 



Vl> = (vl/lci^ Vl>2a^ V|/3a^ Vl/4a^ ^5a^ x^6a ^ ^7a^ Vl/S^V ^ (26) 

where each \1/* is also a two-component Majorana spinor. Then the fermionic potential is 
actually the standard Yukawa coupling: 

AV2N-' ^ ' 

At this moment, it is easy to see that the fermionic potential term also has an SO {7) 
R-symmetry. 

The last step is to rescale the scalars and spinor as (x-', \E') -^ {x^ /gvM, '^ I Qym)- Gath- 
ering the above results together, in the limit v -^ oo with a fixed Qym, we have 

'-' ^ / u X I /-decoupled ~r 5 ■'-coupled I ; l'^°J 

J \ 91m J 



where 



7 . . . 

■^decoupled = - 5^ ^d^'xid^xi + ^^qF^ ® Yd^.^0 " ^O^'xld^xl, (29) 

i=i 

/:coupied = -^F^"'^F;,-^p'^x^'»i)^x^'^ + ^^"r°®7^i)^^, 

--Tr ([x\ x^][x\ x^]) - l/«''V"fr''p ® i^c. (30) 

As one should have expected, at last we get a decoupled U{1) sector and a coupled SU{N) 
sector, which is nothing else but an A/" = 8 super Yang-Mills theory on the world- volume of 
N coincident D2-branes. The action fl28l) is valid in the energy range between Qym-^ ^^^ 
kgyMy ^^^ ^^ have assumed A^ -C /c in the above procedure. 

IV. DISCUSSION OF NEW BL MODEL AND CONCLUSION 



In new BL models [22j, in general the structure constant of 3-algebra does not have three 



totally anti-symmetric indices, so one cannot apply Mukhi and Papageorgakis's method [17 
in a naive way. This difficulty has been discussed in a newly appeared paper [50|, where 
Cherkis and Saemann also proposed a class of models similar to (but a little different from) 
the new BL models. 



One viable extrapolation of Mukhi and Papageorgakis's method [17[ is to decompose the 



3-algebra into a couple of 2-algebras, say Qi © ^2, just as did in [22 



r'^' = E^AE(^A)'^'(^A)'^- (31) 

A a. 

When Gi = G2 = u{N), it exactly recovers the ABJM theories, and the Higgs mechanism 
we discussed in the previous section exactly applies. 

More generally, if Gi = G2 is another Lie algebra instead of u{N), the mechanism is 
similar. Some key points are: 

9 



1. taking the VEV as ([9]), which has also been mentioned in Iq : 

2. rearrange the gauge field as ([H]); 

3. decompose four complex scalar (spinor) fields into eight real fields. 

The procedure shown in the previous section still works if only Qi = Q2, although that field 
theory would have less supersymmetries. It is easy to see that in general the goldstones 
becomes non-dynamical, at least they will disappear in the kinetic term. While the Gi x Gi 
gauge symmetry is broken down to Gi. The degrees of freedom of the goldstone bosons are 
transferred to the dynamical Gi gauge fields. 

However, if Qi y^ Q2, the above scheme is helpless and things would be much trickier. 

As a conclusion, we can see that Mukhi and Papageorgakis's method, after a little ad- 
justment, is still powerful in deriving the world-volume action of N D2-branes from that of 
A^ M2-branes when A^ is arbitrary. 

Note added: When this work was finished, a similar paper 5l| appeared with the emphasis 



on the pure Yang-Mils terms. The interested readers are encouraged to compare our results 
with that paper, especially the Yang-Mills coupling constant. 
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